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REVIEWS. 

Edinburgh Mathematical Tracts. General Editor, PROF. E. T. WHIT- 
TAKER, F.R.S. (G. Bell & Sons.) 

1. Descriptive Geometry and Photogrammetry. By E. LINDSAY INCE. 
2s. 6d. net. 

2. Interpolation and Numerical Integration. By DAVID GIBB. 3s. 6d. 
net. 

6. Solution of Spherical Triangles. By HERBERT BELL. 2S. 6d. net. 
These tracts would seem to serve a very useful purpose. 
In No. 1 we find a very careful exposition of what is generally known as 

"Practical Solid Geometry," a chapter on Perspective and one on Photo- 
grammetry, or the art of reading plans and elevations from two photographs 
of the same district from different points of view. The whole is well-written 
and illustrated with clear diagrams. The only remark that we feel called 
upon to make is that of surprise that there is not more made of the connection 
between the matter and that of " figured plans." 

No. 2 is an altogether more abstruse compilation. It opens with an 
exposition of the chief theorems in the Calculus of Finite Differences; the 
second chapter is on Interpolation, and gives all the information that can be 
required with regard to the well-known (?) formulae, the explanation being 
as lucid as the nature of the subject will admit ; the third chapter is upon 
the construction and use of mathematical tables, in which a clear account 
of the best-known methods is given-the author does not appear to know 
the approximate formula for log (1 +x), in the form of the fraction 
(6x + 3x')/(6 6x +6x2), or of the continued fraction of which it is the third 
convergent with an error in defect less than x5/180 (see Math. Gaz. viii. p. 294); 
in conclusion we have a chapter on numerical integration, to which the other 
chapters have been necessary preliminaries. On page 85, we think that the 
author is hardly doing justice to Simpson's rules by taking such wide intervals 
as would never be used by a student of practical mathematics ; if the intervals 
are taken merely half the width, the result is 1'947 for the parabolic rule, 
which is only 0'05 per cent. in error. 

There would not seem to be so much demand for the contents of No. 6, 
although the reviewer is personally glad to see its publication. Teachers 
of Engineering seem to prefer to give their students the rule-of-thumb principles 
of Vector Analysis (in 20 years I have never had a student who understood 
anything at all about it, although I have had one or two who could use it), 
rather than to teach them the fundamental principles of the trigonometry 
of dihedral angles. All that the engineer wants as a general rule can be given 
in a lesson of two hours, and it can be given in a form that he understands. 
From a theoretical point of view, the training in manipulation of trigono- 
metrical functions is enough to recommend it to any teacher. This volume 
closes with some account of the subject of nomography; it would have been 
better if it had been extended to give, say, an example and an explanation of 
the method as applied to the evaluation of such algebraical formulae as 
V=kd2h. J. M. C. 

The Geometrical Lectures of Isaac Barrow. By J. M. CHILD. 4S. 6d. 
net. 1916. (Open Court Publishing Company.) 

This is an interesting essay in the history of the Calculus, and is worthy 
of careful perusal by the student of the history of mathematics. The 
Geometrical Lectures do not seem to have been actually delivered as Lucasian 
lectures at Cambridge, but they were published along with the second edition 
of the Lectiones Opticae in 1670. The edition before us consists of a translation 
of the Lectures abridged to such an extent as would admit of the compression of 
the whole book (including preface, introduction, and running commentary) 
into a convenient volume of 200 pages. The editor tells us that, as the result 
of a careful study of the whole book, and especially after turning some of 
the purely geometrical work into algebraical form, he came to the conclusion 
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that Barrow had "got the calculus," and in fact intended the Lectures as 
a complete treatise on the calculus, notwithstanding that it is, in form, almost 
entirely geometrical. The following is his thesis : Isaac Barrow was the first 
inventor of the Infinitesimal Calculus; Newton got the main idea of it from 
Barrow by personal communication; and Leibniz also was in some measure 
indebted to Barrow's work, obtaining confirmation of his own original ideas, 
and suggestions for their further development, from the copy of Barrow's book 
that he purchased in 1673. 

The first sentence no doubt requires modification because, apart from the 
fact that many integrations had been made before Barrow's time, it seems 
certain that Fermat was the first person to perform an actual differentiation, 
that is to say, to show how to find the limiting value of {f(x + h) -f(x)}/h when h 
is made indefinitely small. This Fermat did by dividing out by h and then 
making h=0. Fermat used the result to find the maximum or minimum 
values of f(x), by equating f'(x) so obtained to 0. This method of finding 
maximum and minimum values of f(x) he then applied to finding tangents 
to curves, which in practice meant finding the subtangent, corresponding 
in our notation to y / ).y\ But it seems possible to go so far as to say that 

Barrow wrote the first systematic treatise on the differential calculus, while 
preferring to give it a geometrical form. The result of using the geometrical 
form is to substitute for the algebraical process of differentiation the operation 
of finding geometrically the tangent to a curve at any point. 

This is done quite generally for any curve in Lecture X. ? 11, in the figure 
of which proposition is found the small triangle which we now call the 
" differential triangle," and in which the small element of the curve (our ds) 
is one side, while the other two sides are the small increments of the coordinates 
x, y between the two extremities of ds. Barrow only incidentally mentions, 
and gives a few illustrations of, the alternative method of calculation "fre- 
quently used by us " ; this he does " on the advice of a friend," and here the 
rules for algebraic differentiation are pretty clearly put, and in a form which 
Newton had only to modify very slightly for use in analytical work. Barrow 
denotes by a and e respectively the small increments which we call dy and 
dx (Fermat had used only one of these letters, e, for the increment of x); 
his other standard abbreviations are m for our y and t for the subtangent. 
He then explains his method thus: "I compare MR, NR [our dy, dx], and 

M 

NZ R 

T Q P 

through them MP, PT, with one another by means of an equation obtained 
by calculation; meantime observing the following rules: 

"1. While calculating, I neglect all terms in which there is a power of a or 
e, or in which there are products of these (for these terms will have no value). " 2. After the equation has been formed, I neglect all terms consisting of 
letters denoting known or determinate quantities, or terms in which there 
is no a or e (for those terms, brought over to one side of the equation, will 
always be equal to zero). 

"3. For a I substitute m (or MP) and for e I substitute t (or PT). Hence 
finally the length of PT will be determined. And if an indefinitely small part 
of any curve enters the calculation, let a small part of the tangent, properly 
chosen, or any straight line equivalent to it, be put in the place of the small 
part of the curve (on account of its indefinite smallness)." 
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The systematic character of the work is shown by the regular way in which 
propositions for determining tangents by the use of Cartesian coordinates 
are followed by similar propositions using polar coordinates for the same 
purpose. All the important standard differentials are found in their equi- 
valent geometrical form, e.g. the differentials of a power of x, integral or 
fractional, and of the trigonometrical ratio tan x; we have also the laws 
for differentiating the sum, product, and quotient of two functions of x. 
Barrow seems also to have been the first to appreciate fully that differentiation 
and integration are the inverse of each other. Among the curves to which 
Barrow draws tangents are the cycloid, the conchoid, the quadratrix, the 
cissoid (as particular cases of more general curves), the folium of Descartes, 
the paraboliforms (ym =a'm-~xn), which figure largely in the book, and 
hyperboliforms. 

Coming now to the propositions containing the equivalent of integrations, 
we should remember that much more had been done by Barrow's time in 
the integral than in the differential calculus. The equivalent of most of the 
common integrals had been given, some by Archimedes, others (to mention 
only the greater names) by Cavalieri, Fermat, Pascal, Roberval, Wallis. We 
naturally find, therefore, in Barrow, such integrals as those of any integral 
power of the variable, of the different trigonometrical ratios and their equi- 
valents. Especially noteworthy is the occurrence of i x dx, regarding which 

Barrow (like Fermat) implies rather than explicitly states that its value is 
log a - log b. But naturally, seeing that the treatment is geometrical, the 
effect of many propositions is to express a required integral in terms of another 
integral known or unknown, much in the way that Archimedes did in the 
Method (though without the use of the mechanical considerations employed 
by Archimedes); several of the results are actually equivalent to our 
"integration by parts." 

There are some general theorems on rectification, the method being 
that of reducing the particular problem to a quadrature. Barrow rectifies 
the oycloid as a particular case of. a more general problem; he also rectifies 
a parabola, while the cases of the logarithmic spiral and the three-cusped 
hypocycloid can be readily deduced from his results. 

The book suffers from some defects and drawbacks. Most persons who 
wish to make a thorough study of Barrow will regret that so many of Barrow's 
proofs and diagrams are omitted, and especially the diagrams, which are often 
not easy to draw with certainty from the description given. This is, however, 
not the editor's fault, but is due to the necessity of limiting the size of the book. 
A more serious defect is the number of mistranslations of the original Latin. 
The editor modestly says that he is no classical scholar; but it would have 
been well if he had asked some classical friend to revise the translation of the 
portions of the book, e.g. the preface and the general explanations, which, 
not being purely mathematical, are written in idiomatic Latin. The following 
are a few of the more glaring cases: In the Preface to the Geometrical Lectures 
alias, opinor, . . . nihil cogitaturus is translated "Otherwise, I imagine, I 
shall be thought little of for . ." (it should be " Otherwise, I believe, I should 
never have had any idea of. . ."); comparere (" to appear ") is taken as meaning 
"to be prepared "; lubentius (" more willingly ") as " more freely ; nonnulla 
8perans in illis haberi quae nec eruditiores piguerit inspicere is translated 
" hoping that there is nothing in them that it will displease the more erudite 
to see " (instead of "hoping that they contain some things, at all events, 
which even the more learned will not be sorry to look into "). Mr. Child has 
also (pp. 25-26) translated the Preface to the Optical Lectures, and there 
are some bad cases here too: nec tamen ut juris id tui fieret defuerunt auctores is 
rendered " nor, that you might yet demand it as your due, were other authorities 
absent " (instead of "nor were there wanting advisers who urged me to put 
it in your hands "); ne quidem horum magnam partem relegere sustinui, 
translated "in order that I should not indeed put off the rewriting of the 
greater part of these things," should be " I could not even endure to read 
over again a great part of the work "; verum, quod tenellae matres factitant, a 
me cepulsum partum amicorum haud recusantium nutriciae curae commisi, 

133 

This content downloaded from 137.52.76.29 on Wed, 13 Jan 2016 23:39:35 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


THE MATHEMATICAL GAZETTE. THE MATHEMATICAL GAZETTE. 

prout ipsis visum esset, educandum aut exponendum is rendered " as delicate 
mothers are wont, I committed to the foster-care of friends, not unwillingly, 
my discarded child, to be led out and set forth as it might seem good to them " 
instead of " but, as is not uncommon with delicate mothers, I committed to 
the foster-care of friends, who willingly accepted the charge, my discarded 
offspring, to be reared or exposed (i.e. left to its fate) as they might think fit " 
(educandum is evidently confused by the editor with educendum, and the point 
of exponendum is missed). 

Nor is the editor as strong as might be wished on the historical side. One 
example will suffice. In two places (pp. 139 and 179) he says that Barrow 
anticipated Wren in rectifying the cycloid. This statement he supports by 
quoting Williamson as saying (in the article on " Infinitesimal Calculus " in 
the Encyclopaedia Britannica, Times edition) that Sir Christopher Wren 
rectified the cycloid in 1673. Yet he knows that other authorities, e.g. Rouse 
Ball, give a different date (1658), and he even says that " Ball is probably 
the more correct." If, however, the true date was 1658, Barrow did not 
anticipate Wren. In these circumstances it was imperative to find out the 
truth as to the date, which would not have been difficult. The story is 
interesting. In June, 1658, Pascal had sent out a circular letter offering a 
prize for a solution of certain problems relating to the cycloid. In his Histoire 
de la Roulette Pascal speaks (under date 10 Oct., 1658) of the replies he had 
received, some of which claimed to have solved the problems, while others did 
not, but merely contained their authors' first reflections or observations on the 
cycloid. Among the latter, Pascal says, there was nothing finer than Wren's 
communication, which not only described an elegant method of finding the 
area of the roulette (cycloid), but also gave the rectification of the curve and 
any portion of it. " His proposition " (says Pascal) "is that the length of 
the curve is quadruple of its axis, of which proposition he only sent the 
enunciation without the proof; and, as he is the first person who has brought 
out this result, he is entitled to the honour of the discovery." (Roberval 
indeed claimed in his De trochoide that he had found the length of the arc of 
a cycloid at the time of his first researches regarding that curve, i.e. 1634-38, 
but had kept his discovery secret up to the time when Wren also discovered 
it; Pascal seems to accept this, on the ground that, as soon as the proposition 
was mentioned to Roberval, he at once produced the complete proof of it, 
but he admits that in any case this could not rob Wren of the credit.) Wallis 
in his tract On the cycloid and bodies generatedfrom it (published in 1659) says 
that Wren had shown the proof of his proposition to certain friends about the 
beginning of July, 1658 (sub initium Julii anni 1658), and, as he had assumed 
the proposition in ? 1 of his work, Wallis gave Wren's proof in full as an appen- 
dix (see Wallis, Opera, I. pp. 533 sq.). Wallis returned to the subject in a 
communication to the Royal Society dated 4 Oct., 1673 (published in the 
Phil. Trans., 17 Nov., 1673), where he quotes a letter (undated) from Wren 
himself beginning as follows: 

" Sir,-That I did, in the year 1658, find a Streight line equal to that of a 
Cycloid, and the parts thereof, was then very well known, not in England only, 
but in France and Holland. And I have not yet heard of any who do pretend 
to have known it before I discover'd it; which was the same year acknowledged 
in Print by those of France...." 

It should be added that the notes on and elucidations of the mathematical 
content of the work, including the equivalents of the results when expressed 
in modem notation, seem adequate and satisfactory. A number of geometrical 
proofs are also provided in certain cases where Barrow has omitted the proof 
of an important proposition. T. L. HEATH. 

Legons sur les M6thodes de Sturm dans la theorie des 6quations 
diff6rentielles lineaires et leurs d6veloppements modernes, profess6es 
C la Sorbonne en 1913-1914 par Maxime B6cher. Recueillies et redigees par 
GASTON JULIA. Pp. vi, 118. 5 frs. 1917. (Gauthier-Villars et Cie.) 

The question of the determination of a function by boundary conditions 
in addition to satisfying a certain differential equation first arose in the study 
of the partial differential equations of mathematical physics, and it is enough 
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